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Wkh hohfwurqlf pdlo jdph ri Uxelqvwhlq +4<;<, vkrzhg wkdw d odfn ri
frpprq nqrzohgjh jhqhudwhg e| idxow| frppxqlfdwlrq fdq pdnh frrugl0
qdwhg dfwlrq lpsrvvleoh1 Wklv sdshu vkrzv krz wklv frqfoxvlrq lv urexvw wr
kdylqj d pruh uhdolvwlf wlplqj vwuxfwxuh ri phvvdjhv/ pruh wkdq wzr sod|0
huv zkr phhw sxeolfo| exw qrw dv d sohqdu| jurxs/ dqg pd| eh urexvw wr
vwudwhjlf ghflvlrqv derxw zkhwkhu wr frppxqlfdwh1
MHO= F:5/ G;
41 Lqwurgxfwlrq
Zkhq d jurxs ri lqglylgxdov pxvw frruglqdwh rq d ulvn| frxuvh ri dfwlrq/ lw lv
ydoxdeoh wr froohfw wkh jurxs wrjhwkhu dqg sxeolfo| djuhh rq krz wr surfhhg1
E| phhwlqj wrjhwkhu/ lw lv srvvleoh iru wkh xqghuo|lqj idfwv prwlydwlqj wkhlu mrlqw
Wklv uhvhdufk kdv ehhq vxssruwhg e| Q1V1I1 judqw &<:3<9341 L dp judwhixo iru ydoxdeoh
frpphqwv iurp Oduu| Vdpxhovrq/ Glols Deuhx dqg wzr dqrq|prxv uhihuhhv1
dfwlrq dqg wkh ghwdlov ri wkhlu sodq ri dfwlrq wr ehfrph frpprq nqrzohgjh dprqj
wkh jurxs1 Ehfdxvh hyhu|rqh zdv suhvhqw lq wkh urrp wrjhwkhu/ hdfk shuvrq lv
frqghqw qrw rqo| ri wkh xqghuo|lqj idfwv dqg sodq ri dfwlrq/ exw lv dovr frqghqw
wkdw wkrvh idfwv dqg wkdw sodq duh frpprq nqrzohgjh dprqj wkh jurxs1
Ulvn| frruglqdwhg dfwlrq uhtxluhv vrph ghjuhh ri frpprq nqrzohgjh14 Zlwk0
rxw d sxeolf phhwlqj/ lw lv kdug wr dfklhyh wkh uhtxlvlwh ghjuhh ri frpprq nqrzo0
hgjh1 Xqohvv wkhuh lv d yhu| wljkwo| suhvfulehg surwrfro vshfli|lqj krz lqirupdwlrq
+wkh xqghuo|lqj idfwv/ wkh ghwdlov ri wkh sodq ri dfwlrq, lv wudqvplwwhg wr wkh jurxs
phpehuv/ frpprq nqrzohgjh euhdnv grzq yhu| hdvlo|1 D idprxv h{dpsoh ri Ux0
elqvwhlq +4<;<, vxjjhvwv zk| wklv pljkw eh wkh fdvh1
D sdlu ri sod|huv pxvw ghflgh zkhwkhu wr pdnh d frvwo| lqyhvwphqw1 Wkh| pxvw
pdnh wkhlu fkrlfhv vlpxowdqhrxvo|/ exw wkh| kdyh wkh rssruwxqlw| wr frppxqlfdwh
derxw wkhlu sodqv ehiruh kdqg1 Li d sod|hu*v sulydwh vwdwh lv edg/ kh zloo orvh wzr
ploolrq grooduv li kh fkrrvhv wr lqyhvw1 Li klv sulydwh vwdwh lv jrrg/ kh zloo pdnh
d qhw surw ri d ploolrq grooduv li kh lqyhvwv/ exw rqo| li wkh rwkhu sod|hu lqyhvwv=
wkhuh duh vwudwhjlf olqnv ehwzhhq wkhlu surmhfwv dqg li rqo| rqh ri wkh sod|huv
lqyhvwv/ wkdw sod|hu zloo orvh wzr ploolrq grooduv/ uhjdugohvv ri klv sulydwh vwdwh1 Li
hlwkhu sod|hu ghflghv qrw wr lqyhvw/ klv surwv duh }hur1
Sod|hu 5*v vwdwh lv jrrg iru vxuh1 Wkh h{ dqwh suredelolw| wkdw sod|hu 4*v sulydwh
vwdwh lv jrrg lv 
2
1 Li sod|hu 4*v vwdwh lv jrrg/ kh sdvvhv wkdw lqirupdwlrq rq 0 e|
hohfwurqlf pdlo 0 wr sod|hu 51 +Li klv vwdwh lv edg/ kh grhvq*w vhqg dq| phvvdjh,1
Li sod|hu 4*v phvvdjh duulyhv vdiho|/ sod|hu 5 wkhq vhqgv d frqupdwlrq wr sod|hu
4/ lqiruplqj klp wkdw vkh kdv uhfhlyhg klv phvvdjh1 Sod|hu 4 lq wxuq vhqgv d
frqupdwlrq edfn wr sod|hu 5/ dqg vr rq1 Dw hdfk vwdjh/ wkhuh lv d suredelolw| 0
wkdw wkh phvvdjh zloo jhw orvw1 Krz pdq| phvvdjhv duh uhtxluhg ehiruh wkh sod|huv
duh suhsduhg wr lqyhvwB
Fohduo|/ sod|hu 4 grhv qrw lqyhvw li klv vwdwh lv edg dqg sod|hu 5 lv qrw suhsduhg
wr lqyhvw li vkh kdv qrw uhfhlyhg d phvvdjh iurp sod|hu 41 Exw krz pdq| phvvdjhv
duh hqrxjkB Wkh vxusulvlqj dqvzhu lv wkdw wkh| vkrxog qhyhu eh suhsduhg wr
lqyhvw1 Vxssrvh wkh sod|huv iroorzhg wkh uxoh wkdw dv orqj dv d sod|hu nqrzv wkdw
&   phvvdjhv kdyh ehhq vxffhvvixoo| vhqw dqg uhfhlyhg/ kh vkrxog lqyhvw1 Exw
wkhq frqvlghu d sod|hu zkr kdv vxffhvvixoo| uhfhlyhg wkh &wk phvvdjh dqg kdv vhqw
r wkh E& n wk phvvdjh exw kdv qrw uhfhlyhg d frqupdwlrq1 Kh zloo dvvljq
suredelolw| dw ohdvw d kdoi wr wkh srvvlelolw| wkdw klv uhso| zdv orvw +wkh rwkhu
srvvlelolw| lv wkdw klv phvvdjh duulyhg/ exw wkh frqupdwlrq zdv orvw,1 Exw li
4Vhh Prqghuhu dqg Vdphw +4<;<, iru wkh dssursuldwh irupdol}dwlrq ri wkh uhtxlvlwh ghjuhh ri
frpprq nqrzohgjh1
5
klv uhso| zdv orvw/ wkhq wkh rwkhu sod|hu nqrzv rqo| wkdw &   phvvdjhv kdyh
ehhq vxffhvvixoo| vhqw dqg uhfhlyhg/ dqg zloo wkhuhiruh qrw lqyhvw1 Exw jlyhq wkh
sd|rv +d orvv ri wzr ploolrq li wkh rwkhu sod|hu lqyhvwv/ d jdlq ri rqh ploolrq li
kh grhv,/ lw grhv qrw sd| sod|hu 4 lq whupv ri h{shfwhg uhyhqxh wr lqyhvw lq wkdw
flufxpvwdqfh1 D yhuvlrq ri wklv dujxphqw e| frqwudglfwlrq fdq eh xvhg wr vkrz
wkdw qr lqyhvwphqw hyhu wdnhv sodfh/ krzhyhu pdq| phvvdjhv hqg xs ehlqj vhqw
+wklv uhvxow lv pruh irupdoo| uhylhzhg lq vhfwlrq 5,1
Wkh uhvxow vxjjhvwv zk| frruglqdwlrq pljkw eh wulfn| zlwk idxow| frppxqlfd0
wlrq1 Wkhuh vhhpv wr eh d jhqhudo orjlf dw zrun= dv sod|huv frppxqlfdwh xvlqj
d idxow| whfkqrorj|/ hyhu| frppxqlfdwlrq vhqw jhqhudwhv qhz xqfhuwdlqw| derxw
zkhwkhu wkdw frppxqlfdwlrq duulyhg1 Lq rughu wr vkrz wkdw d vwudwhj| suroh lv
qrw dq htxloleulxp/ lw lv hqrxjk wr qg rqh w|sh ri rqh sod|hu zkr lv vxssrvhg
wr lqyhvw xqghu wkh sxwdwlyh htxloleulxp exw zkr lv vx!flhqwo| xqfhuwdlq derxw
zkdw lqirupdwlrq kdv uhdfkhg wkh rwkhu sod|hu wkdw kh lv qrw suhsduhg wr ulvn lw1
Exw krzhyhu jhqhudo wkh orjlf/ wkh h{dpsoh lv kljko| vw|ol}hg1 Zh zrxog olnh wr
h{soruh wkh urexvwqhvv ri wkh frqfoxvlrqv ri wklv prgho e| h{dplqlqj pruh uhdolvwlf
yduldwlrqv15
Elqpruh dqg Vdpxhovrq +5334, kdyh h{dplqhg rqh vxfk yduldwlrq ri wkh hpdlo
jdph zlwk vwudwhjlf frppxqlfdwlrq ghflvlrqv1 Wkh sod|huv ri wkh h0pdlo jdph
kdg qr fkrlfh exw wr nhhs vhqglqj rxw frqupdwlrq diwhu frqupdwlrq xqwlo d
phvvdjh jrw orvw= wkh frppxqlfdwlrq surfhvv zdv h{rjhqrxvo| jlyhq1 Wkh| dvn
zkdw zrxog kdsshq li wkh sod|huv frxog fkrrvh zkhwkhu wr vhqg d phvvdjh ru qrw1
Li sod|huv frxog frpplw h{ dqwh wr d uxoh iru vhqglqj phvvdjhv/ wkh| frxog vroyh
wkh frruglqdwlrq sureohp e| djuhhlqj rq d surwrfro zkhuh sod|hu 4 vhqgv rxw rqh
phvvdjh rqo| derxw klv sulydwh vwdwh dqg sod|hu 5 vhqgv dw prvw rqh frqupdwlrq
+li wkh suredelolw| ri phvvdjh orvv zdv yhu| vpdoo/ vxfk d vfhqdulr zrxog doorz erwk
sod|huv wr lqyhvw zlwk yhu| kljk suredelolw| lq htxloleulxp dqg wkxv eh ehwwhu r,1
Exw zkdw li sod|huv frxog qrw frpplw h{ dqwh wr d frppxqlfdwlrq uxoh/ exw
idfhg dq h{wud vwudwhjlf ghflvlrq derxw vhqglqj d phvvdjh ru qrw dw hdfk vwdjh
ri wkh jdphB Elqpruh dqg Vdpxhovrq qrwh wkdw wkh jrrg htxloleuld 0 zkhuh
rqh ru wzr phvvdjhv jhw vhqw dqg frruglqdwhg lqyhvwphqw wdnhv sodfh zlwk kljk
5Uxelqvwhlq +4<;<, vxjjhvwhg wkdw hyhq lq wkh ruljlqdo h0pdlo jdph/ erxqghgo| udwlrqdo sod|0
huv zlwk d kljk qxpehu ri ohyhov ri nqrzohgjh ri sd|rv pljkw dfw dv li wkhuh zdv frpprq
nqrzohgjh1 Gxoohfn +5333, kdv irupdol}hg wklv lqwxlwlrq zlwk erxqghg uhfdoo uhdvrqlqj1 Glplwul
+5333d, vkrzv wkdw wkh frqfoxvlrqv ri Uxelqvwhlq +4<;<, frqwlqxh wr krog li wkh suredelolwlhv ri
phvvdjhv jhwwlqj duh glhuhqw iru wkh wzr sod|huv/ exw qrw wrr glhuhqw1 Glplwul +5333e, h{0
dplqhv phfkdqlvpv iru dfklhylqj h!flhqw frruglqdwlrq lq wkh hpdlo jdph vhwwlqj xvlqj d wklug
sduw| phgldwru1
6
suredelolw| 0 zrxog h{lvw lq wklv vhwwlqj1 Exw vr zrxog wkh ruljlqdo edg htxloleulxp
ri wkh hpdlo jdph zkhuh phvvdjhv nhhs jhwwlqj vhqw dqg qr rqh hyhu lqyhvwv1 Wkhuh
zloo dovr h{lvw dqrwkhu edg wdflw htxloleulxp zkhuh qr phvvdjhv jhw vhqw dqg
qr rqh hyhu lqyhvwv1 Lq rughu wr pdnh d suhglfwlrq lq wklv jdph zlwk vwudwhjlf
frppxqlfdwlrq/ lw lv qhfhvvdu| wr shuwxue wkh jdph dqg2ru uhqh wkh htxloleuld1
Elqpruh dqg Vdpxhovrq frqvlghu d shuwxuedwlrq ri wkh jdph zkhuh +4, sod|huv
pxvw lqfxu d vpdoo dwwhqwlrq frvw iru hdfk phvvdjh wkh| revhuyh +wklv pxvw
eh sdlg zkhwkhu ru qrw wkh phvvdjh jhwv vhqw,> dqg +5, wkhuh lv d vpdoo frvw iru
hdfk phvvdjh wkh| dfwxdoo| vhqg1 Fohduo|/ zlwk frvwv ri dwwhqglqj wr dqg vhqglqj
phvvdjhv/ wkh edg htxloleulxp ri wkh h0pdlo jdph/ zlwk lqqlwh xvhohvv phvvdjhv/
lv qr orqjhu dq htxloleulxp1 Exw wkh| dovr vkrz wkdw wkh wdflw htxloleulxp zlwk
qr phvvdjhv dqg qr lqyhvwphqw idlo dq hyroxwlrqdu| vwdelolw| fulwhulrq1 Wkxv wkh
rqo| hyroxwlrqdulo| vwdeoh htxloleuld ri wklv shuwxuehg lqyroyh d qlwh qxpehu ri
phvvdjhv ehlqj vhqw dqg d srvlwlyh suredelolw| ri lqyhvwphqw lq htxloleulxp1
Exw gr wkh jrrg htxloleuld zlwk d qlwh qxpehu ri phvvdjhv vhqw dqg d srvlwlyh
suredelolw| ri lqyhvwphqw pdnh vhqvhB Lq vxfk htxloleuld/ wkhuh lv d sod|hu zkr
uhfhlyhv wkh odvw srvvleoh phvvdjh dqg zloo rqo| lqyhvw li kh uhfhlyhv wkdw odvw
srvvleoh phvvdjh1 Zrxog qrw wkh odvw sod|hu wr uhfhlyh d phvvdjh eh whpswhg wr
vhqg dq dgglwlrqdo/ xqdqwlflsdwhg/ frqupdwlrqB Kh nqrzv wkdw wkh rwkhu sod|hu
lv xqvxuh zkhwkhu kh zloo lqyhvw dqg pljkw wklqn wkdw wkh pruh frqghqw wkh
rwkhu sod|hu lv/ wkh pruh olnho| kh lv wr lqyhvw1 Exw xqdqwlflsdwhg frqupdwlrqv
fdqqrw rffxu lq htxloleulxp/ vr li wklv dujxphqw lq idyru ri vhqglqj xqdqwlflsdwhg
frqupdwlrqv zrunhg/ wkh jrrg htxloleuld zrxog euhdn grzq1
Wkh sod|hu uhfhlylqj wkh odvw phvvdjh lq Elqpruh dqg Vdpxhovrq*v jdph kdv
d vwulfw lqfhqwlyh wr qrw vhqg dq xqdqwlflsdwhg frqupdwlrq vlqfh +4, kh lv vxuh
wkdw rwkhu sod|hu lv lqyhvwlqj dq|zd|/ vr dq xqdqwlflsdwhg frqupdwlrq fdqqrw
lqfuhdvh wkdw suredelolw|> dqg +5, wkhuh duh vwulfwo| srvlwlyh frvwv wr vhqglqj phv0
vdjhv1 Krzhyhu/ wkhuh duh htxdoo| frpshoolqj zd|v ri shuwxuelqj wkh vwudwhjlf
frppxqlfdwlrq jdph vr wkdw wkh vwulfw lqfhqwlyh jrhv wkh rwkhu zd|1 Lq vhfwlrq
6/ hdfk sod|hu lv dvvxphg wr revhuyh dq lglrv|qfudwlf sd|r vkrfn wkdw hqvxuhv
wkdw wkhuh lv dozd|v d yhu| vpdoo suredelolw| wkdw kh zloo fkrrvh wr qrw lqyhvw1
Wklv shuwxuedwlrq jhqhudwhv wkh yhu| qdwxudo surshuw| wkdw wkh suredelolw| wkdw
d sod|hu lqyhvwv lv dozd|v vwulfwo| lqfuhdvlqj lq wkh suredelolw| kh dvvljqv wr klv
rssrqhqw lqyhvwlqj1 Lq wklv shuwxuehg jdph/ lw lv vkrzq wkdw doo htxloleuld vdw0
lvi|lqj d qdwxudo uhqhphqw +lqyhvwphqw rffxuv h{ srvw zkhqhyhu ihdvleoh lq wkh
srvw0frppxqlfdwlrq jdph, kdyh qr lqyhvwphqw lq htxloleulxp1
Wklv sdshu h{dplqhv wzr pruh yduldwlrqv rq wkh hohfwurqlf pdlo jdph zklfk
7
0 zkloh wkhruhwlfdoo| vwudljkwiruzdug 0 kljkoljkw wkh ihdwxuhv ri frppxqlfdwlrq
vwuxfwxuhv wkdw ohdg wr d euhdngrzq lq frpprq nqrzohgjh1
Zkloh lw lv qdwxudo wr dvvxph wkdw wkhuh lv d srvlwlyh suredelolw| wkdw dq|
phvvdjh jhwv orvw/ lw zdv dovr dvvxphg wkdw wkhuh lv qr xsshu erxqg rq wkh qxpehu
ri phvvdjhv wkdw frxog frqfhlydeo| eh vhqw1 D pruh vdwlvi|lqj dvvxpswlrq pljkw
eh wkdw wkhuh lv d qlwh dprxqw ri wlph dydlodeoh iru frppxqlfdwlrq ehiruh d
ghflvlrq pxvw eh pdgh/ dqg hdfk phvvdjh wdnhv d udqgrp ohqjwk ri wlph wr duulyh1
Lq vhfwlrq 7/ vxfk d wlplqj jdph zlwk uhdo wlph phvvdjhv lv dqdo|}hg1 Frqglwlrqv
rq wkh phvvdjh duulydo whfkqrorj| wkdw lpso| qr frruglqdwhg dfwlrq duh lghqwlhg/
dqg d qdwxudo h{dpsoh vdwlvi|lqj wkhp lv surylghg1
Wkh h0pdlo jdph lqyroyhv wzr sod|huv zkr qhyhu phhw idfh wr idfh= li wkh wzr
sod|huv hyhu phw idfh wr idfh/ wkh| frxog lpphgldwho| jhqhudwh wkh uhtxlvlwh frp0
prq nqrzohgjh wr fr0ruglqdwh wkhlu ehkdylru1 D shukdsv pruh uhohydqw vfhqdulr
lv zkhq d odujh qxpehu ri sod|huv pxvw fr0ruglqdwh wkhlu ehkdylru/ exw zkloh
vxejurxsv uhfhlyh lqirupdwlrq sxeolfo| zlwklq wkh jurxs/ wkh| qhyhu uhfhlyh lqiru0
pdwlrq dv d sohqdu| jurxs1 Lq wkh orfdoo| sxeolf frppxqlfdwlrq jdph ri vhfwlrq
8/  sod|huv phhw wrjhwkhu sxeolfo| dqg riwhq lq jurxsv ri 6 sod|huv1 Lq rughu
wr fr0ruglqdwh wkhlu dfwlrqv/ hdfk sod|hu pxvw eh frqghqw wkdw dw ohdvw ? ri wkh
 zloo lqyhvw1 Li 6  ?/ rqh phhwlqj lv hqrxjk wr frruglqdwh wkhlu ehkdylru1 Li
6 	 ? dqg wkhuh lv vljqlfdqw xqfhuwdlqw| derxw zkdw phhwlqjv zloo wdnh sodfh
lq wkh ixwxuh/ wkhq xqghu zhdn frqglwlrqv lw lv srvvleoh wr uxoh rxw frruglqdwhg
dfwlrqv/ krzhyhu pdq| phhwlqjv wdnh sodfh1
51 Wkh Hohfwurqlf Pdlo Jdph
Li d sod|hu*v sulydwh vwdwh lv jrrg +C,/ kh kdv dq lqfhqwlyh wr lqyhvw li klv rssrqhqw
lqyhvwv1 Klv sd|rv duh jlyhq e| wkh iroorzlqj pdwul{ +wkh urz uhsuhvhqwv d sod|hu*v
dfwlrq dqg wkh froxpq uhsuhvhqwv klv rssrqhqw*v dfwlrq,=
C Lqyhvw Qrw Lqyhvw
Lqyhvw  S
Qrw Lqyhvw f f
zkhuh S : f1 Li d sod|hu*v sulydwh vwdwh lv edg +,/ kh kdv d grplqdqw vwudwhj| wr
qrw lqyhvw/ zlwk sd|rv jlyhq e| wkh iroorzlqj pdwul{1
 Lqyhvw Qrw Lqyhvw
Lqyhvw S S
Qrw Lqyhvw f f
8
Sod|hu 5*v vwdwh lv jrrg iru vxuh/ exw wkh h{ dqwh suredelolw| wkdw sod|hu 4*v vwdwh
lv jrrg lv 
2
1 Li wkh vwdwh lv jrrg/ sod|hu 4 vhqgv d phvvdjh wr sod|hu 5/ lqiruplqj
khu ri wklv idfw16 Wkh phvvdjh jhwv orvw zlwk h{rjhqrxv suredelolw| f 	 0 	 
2
1 Li
sod|hu 5 uhfhlyhv wkh phvvdjh/ vkh vhqgv d frqupdwlrq wr sod|hu 4/ vwdwlqj wkdw
vkh uhfhlyhg wkh phvvdjh1 Wklv phvvdjh dovr jhwv orvw zlwk suredelolw| 01 Li sod|hu
4 uhfhlyhv wkh frqupdwlrq/ kh vhqgv d uh0frqupdwlrq/ vwdwlqj wkdw kh uhfhlyhg
wkh frqupdwlrq1 Wklv phvvdjh dovr jhwv orvw zlwk suredelolw| 01 Dqg vr rq17
Diwhu doo wkh phvvdjhv kdyh ehhq vhqw +hyhqwxdoo| d phvvdjh zloo jhw orvw, hdfk
sod|hu fkrrvhv dq dfwlrq +lqyhvw ru qrw lqyhvw, vlpxowdqhrxvo|1 Revhuyh wkdw iurp
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Sursrvlwlrq 5141 Li S : 0/ wklv hohfwurqlf pdlo jdph kdv d xqltxh htxloleulxp=
erwk sod|huv qhyhu lqyhvw1
Qrwh wkdw iru vpdoo 0/ wklv uhgxfhv wr wkh uhtxluhphqw wkdw S  / l1h1/ qr
lqyhvwphqw lv wkh ulvn grplqdqw htxloleulxp ri wkh jdph1
6Iru vlpsolflw|/ lw lv dvvxphg wkdw qr phvvdjh lv vhqw li wkh vwdwh lv edg1 Krzhyhu/ wkhuh lv
qr txdolwdwlyh fkdqjh lq wkh uhvxowv li sod|hu 4 frppxqlfdwhv zkdwhyhu kh nqrzv1
7Wklv glhuv iurp wkh jdph dqdo|}hg e| Uxelqvwhlq +4<;<,1 Iluvw/ wklv yhuvlrq lv sulydwh
ydoxhv/ vr hdfk sod|hu lv fhuwdlq ri klv rzq sd|rv1 Vhfrqg/ wklv yhuvlrq jlyhv sod|hu 4 d
grplqdqw vwudwhj| iru rqh sulydwh vwdwh +edg,/ zkloh lq wkh ruljlqdo jdph sod|huv vlpso| idfhg
wkh sureohp ri frruglqdwlqj rq dq h!flhqw Qdvk htxloleulxp wkdw ydulhg dfurvv vwdwhv1 Erwk
fkdqjhv vlpsoli| wkh suhvhqwdwlrq ri odwhu uhvxowv/ exw gr qrw hhfw wkh txdolwdwlyh frqfoxvlrqv1
9
SURRI1 Li sod|hu 4*v vwdwh lv edg/ kh kdv d grplqdqw vwudwhj| wr qrw lqyhvw1





















vr vkh fdqqrw eh lqyhvwlqj lq dq| htxloleulxp1 Li sod|hu 4 uhfhlyhv qr frqupdwlrq
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wr wkh srvvlelolw| wkdw klv phvvdjh qhyhu duulyhg1 Wkxv klv h{shfwhg sd|r wr
lqyhvwlqj lv dw prvw

2 0 ES n
 0
2 0 E '
 0 S
2 0 	 f/
vr kh fdqqrw eh lqyhvwlqj lq htxloleulxp1 Qrz ohw & eh wkh vpdoohvw qxpehu
juhdwhu wkdq ru htxdo wr  vxfk wkdw d sod|hu zkr nqrzv wkdw & phvvdjhv kdyh
ehhq vhqw dqg uhfhlyhg lqyhvwv zlwk srvlwlyh suredelolw|1 D sod|hu zkr uhfhlyhv
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wr wkh srvvlelolw| wkdw klv phvvdjh qhyhu duulyhg1 Li lw glg qrw duulyh/ wkhq klv rs0
srqhqw nqrzv rqo| wkdw & phvvdjhv kdyh ehhq vhqw dqg uhfhlyhg/ dqg wkhuhiruh
zloo qrw eh lqyhvwlqj1 Wkxv klv h{shfwhg sd|r wr lqyhvwlqj lv dw prvw

2 0 ES n
 0
2 0 E '
 0 S
2 0 	 f/
vr kh fdqqrw eh lqyhvwlqj lq htxloleulxp1 Wklv dujxphqw ghprqvwudwhv e| frqwud0
glfwlrq wkdw wkhuh lv qr lqyhvwphqw lq htxloleulxp1 
Wkh uhvxow lv wljkw lq wkh iroorzlqj vhqvh1 Li 0  S    0/ wklv jdph kdv
dq htxloleulxp zkhuh sod|hu 4 dozd|v lqyhvwv zkhq klv vwdwh lv jrrg dqg sod|hu
5 lqyhvwv zkhqhyhu vkh uhfhlyhv dw ohdvw rqh phvvdjh1 Li S  0/ wklv jdph kdv dq




Wkh vwudwhjlf frppxqlfdwlrq jdph lv lghqwlfdo wr wkh hohfwurqlf pdlo jdph ri wkh
suhylrxv vhfwlrq/ zlwk rqh fkdqjh1 Zkhq sod|huv lq wkh hohfwurqlf pdlo jdph zhuh
irufhg wr vhqg phvvdjhv/ sod|huv lq wkh vwudwhjlf frppxqlfdwlrq jdph fdq fkrrvh
zkhwkhu wr vhqg wkh phvvdjh ru qrw1 Wklv jlyhv ulvh wr wkh vrphzkdw hoderudwh
h{whqvlyh irup jdph looxvwudwhg lq jxuh 51
lqvhuw jxuh 2 durxqg khuh
Dovr { S :  dqg 0 	 
nS
1
Zh zloo dqdo|}h shuihfw Ed|hvldq htxloleuld ri wklv jdph1 Wkxv hdfk sod|hu kdv
d vwudwhj| vshfli|lqj ehkdylru dw hdfk klv lqirupdwlrq vhwv dqg hdfk sod|hu kdv
eholhiv ryhu wkh wuxh qrgh dw hdfk ri klv lqirupdwlrq vhwv1 Dw hdfk ri d sod|hu*v
lqirupdwlrq vhwv/ klv vwudwhj| lq wkh frqwlqxdwlrq jdph pxvw eh rswlpdo jlyhq wkh
vwudwhjlhv ri rwkhu sod|huv dqg klv eholhiv dw wkdw lqirupdwlrq vhw1 Hdfk sod|hu*v
eholhiv rq wkh htxloleulxp sdwk pxvw eh jhqhudwhg iurp htxloleulxp vwudwhjlhv e|
Ed|hv uxoh1 R wkh htxloleulxp sdwk/ wkhuh duh wzr nlqgv ri lqirupdwlrq vhwv iru
xv wr zruu| derxw1 Zkhq sod|huv ghflgh zkhwkhu ru qrw wr vhqg d phvvdjh/ wkh|
duh dw vlqjohwrq lqirupdwlrq vhwv/ vr eholhiv zloo eh slqqhg grzq hyhq r wkh
htxloleulxp sdwk1 Lq dgglwlrqdo/ lw zloo eh dvvxphg wkdw zkhq d sod|hu pdnhv
klv lqyhvwphqw ghflvlrq dw dq xquhdfkhg lqirupdwlrq vhw/ kh dozd|v eholhyhv klv
rssrqhqw lv iroorzlqj klv lqyhvwphqw vwudwhj| +hyhq wkrxjk kh pxvw kdyh ghyldwhg
iurp klv phvvdjh vhqglqj vwudwhj|,1
Ehkdylrudo vwudwhjlhv fdq eh ghvfulehg e| suredelolwlhv dw hdfk ri wkh elqdu|
fkrlfhv idflqj wkh sod|huv1 Wkh hdvlhvw zd| wr ghvfuleh wkhp lv wr odeho wkh h{whq0
vlyh irup zlwk wkhvh suredelolwlhv/ dv lq jxuh 61
lqvhuw jxuh  durxqg khuh
Wkxv 5 lv wkh suredelolw| wkdw sod|hu 4 lqyhvwv li klv vwdwh lv edg dqg %f lv wkh
suredelolw| wkdw sod|hu 5 lqyhvwv li vkh qhyhu uhfhlyhv d phvvdjh1 Iru doo &  / wkh
wulsoh EZ&c %&c +& ghvfulehv wkh ehkdylrudo vwudwhj| ri wkh sod|hu zkr kdv wkh rswlrq
ri wkh vhqglqj wkh &wk phvvdjh lq wkh jdph= Z& lv wkh suredelolw| wkdw kh fkrrvhv wr
vhqg wkh phvvdjh> %& lv wkh suredelolw| wkdw kh lqyhvwv li kh vhqgv wkh &wk phvvdjh
lq wkh jdph exw grhv qrw uhfhlyh d uhso|> dqg +& lv wkh suredelolw| wkdw kh lqyhvwv
;
li kh fkrvh qrw wr vhqg wkh &wk phvvdjh1 Wkxv

5c EZ&c %&c +&&'ccDc

ghvfulehv
wkh ehkdylrudo vwudwhj| ri sod|hu 4 dqg

%fc EZ&c %&c +&&'2cecSc

ghvfulehv wkh
ehkdylrudo vwudwhj| ri sod|hu 21 Vlqfh 5 ' f dqg %f ' f lq dq| htxloleulxp
+ehfdxvh sod|hu  kdv d grplqdqw vwudwhj| wr qrw lqyhvw li lqyhvwphqw frqglwlrqv
duh edg/ dqg sod|hu 2 dvvljqv suredelolw| dw ohdvw 
2
wr sod|hu *v vwdwh ehlqj edg,/
zh irfxv dwwhqwlrq rq EZ&c %&c +&&'c2cc lq wkh iroorzlqj dqdo|vlv1
Zulwh sf EZ iru d sod|hu*v vhw ri pl{hg vwudwhj| ehvw uhvsrqvhv li klv lqyhvwphqw





ifj / li Z 	 S
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Iljxuh 7 sorwv wklv fruuhvsrqghqfh1
lqvhuw jxuh e durxqg khuh
Zh fdq xvh sf wr vwdwh wkh htxloleulxp frqglwlrqv rq sod|huv* lqyhvwphqw fkrlfhv/
wdnlqj dv jlyhq wkhlu phvvdjh vhqglqj vwudwhjlhv= iru hdfk & ' c 2c 
+& 5 sf E%&3 +614,
%& 5 sf

0%&3 n E 0 E Z&n +&n n E 0 Z&n0%&n
0n E 0 E Z&n n E 0Z&n0

Htxloleulxp frqglwlrqv iru phvvdjh vhqglqj duh pruh frpsolfdwhg wr vwdwh lq jhq0
hudo exw duh vlpsoh hqrxjk wr fkhfn lq sudfwlvh1
Rqh fodvv ri htxloleuld duh phvvdjh wkuhvkrog htxloleuld1 Iru vrph &  /
rqo| &   phvvdjhv jhw vhqw dqg hdfk sod|hu lv suhsduhg wr lqyhvw dv orqj dv kh
nqrzv wkdw dw ohdvw & phvvdjhv kdyh ehhq vhqw18 Wklv htxloleulxp lv looxvwudwhg
lq jxuh 8/ iru wkh fdvh zkhuh & ' 2 +wkh gldjudp lqfoxghv wkh eholhiv dw hdfk
lqirupdwlrq vhw lpsolhg e| htxloleulxp vwudwhjlhv,1
lqvhuw jxuh D durxqg khuh
8Wkxv n @ 4 iru doo n  n dqg n @ 3 iru doo n A n> {n @ 3 iru doo n  n  4 dqg {n @ 4 iru
doo n A n  4> |n @ 3 iru doo n  n dqg |n @ 4 iru doo n A n1
<
Wkh shuvrq zkr vhqgv wkh &wk phvvdjh lv suhsduhg wr lqyhvw/ hyhq li kh grhv
qrw uhfhlyh d frqupdwlrq/ ehfdxvh xqghu wkh htxloleulxp vwudwhjlhv kh zdv qrw
dqwlflsdwlqj d frqupdwlrq1 Ehfdxvh ri wklv/ kh dvvljqv suredelolw|   0 wr klv
phvvdjh duulylqj dqg wkxv kdv h{shfwhg sd|r  0 0S : f1
Wklv htxloleulxp uholhv rq wkh idfw wkh sod|hu zkr uhfhlyhv wkh &wk phvvdjh
fkrrvhv qrw wr vhqg d frqupdwlrq1 Xqghu wkh htxloleulxp vwudwhjlhv/ kh lv lqgli0
ihuhqw ehwzhhq zkhwkhu wr vhqg d frqupdwlrq ru qrw1 Exw qrwlfh wkdw li kh idlov
wr vhqg d frqupdwlrq/ kh nqrzv wkdw wkh rwkhu sod|hu eholhyhv wkdw kh zloo lqyhvw
zlwk suredelolw|  01 Rq wkh rwkhu kdqg/ li kh vhqw dq xqdqwlflsdwhg frqupd0
wlrq wkhq +lq wklv htxloleulxp, kh nqrzv wkdw wkh rwkhu sod|hu zloo eholhyh wkdw kh
zloo lqyhvw zlwk suredelolw| 1 Wklv vxjjhvwv wkdw kh vkrxog euhdn klv lqglhuhqfh
lq idyru ri vhqglqj d frqupdwlrq1
Wr prgho wklv lqwxlwlrq irupdoo|/ frqvlghu d shuwxuehg yhuvlrq ri wkh jdph
zkhuh d sod|hu grhv vwulfwo| suhihu wkdw klv rssrqhqw lv pruh frqghqw wkdw kh
zloo lqyhvw1 Lq sduwlfxodu/ vxssrvh wkdw sd|rv wr sod|hu  lq wkh jrrg vwdwh duh=
C Lqyhvw Qrw Lqyhvw
Lqyhvw  w S w
Qrw Lqyhvw f f
+615,
zkhuh w lv gudzq dffruglqj wr d f1g1i1 [B zlwk vxssruw dSc o dqg lv revhuyhg e|
sod|hu  rqo| lpphgldwho| ehiruh kh pdnhv klv lqyhvwphqw ghflvlrq1 Qrz li sod|hu
 dvvljqv suredelolw| Z wr klv rssrqhqw lqyhvwlqj/ kh zloo lqyhvw rqo| li
w n Z E n E Z ES  f1
Wkh suredelolw| ri wklv rffxuulqj lv
sB EZ ' [B EE n S Z  S
Wkxv hdfk sB lv d vwulfwo| lqfuhdvlqj ixqfwlrq zlwk sB Ef ' f dqg sB E ' 1
Zh dvvxph wkdw dv B $ f/ [B frqfhqwudwhv pdvv durxqg f= [B EB 	 B dqg
[B EB :  B1 Wklv lpsolhv wkdw dv B $ f/ sB whqgv wr wkh vwhs fruuhvsrqghqfh/
sf/ looxvwudwhg lq jxuh 71 Iljxuh 9 sorwv sB iru vpdoo B=
lqvhuw jxuh S durxqg khuh
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Lq wklv shuwxuehg jdph/ wkh htxloleulxp frqglwlrqv iru lqyhvwphqw ehfrph=9 iru
hdfk & ' c 2c 
+& ' sB E%&3 +616,
%& ' sB

0%&3 n E 0 E Z&n +&n n E 0 Z&n0%&n
0n E 0 E Z&n n E 0Z&n0

Dq htxloleulxp lv lppxqh wr vwudwhjlf xqfhuwdlqw| li wkhuh h{lvwv d vhtxhqfh ri
htxloleuld lq wkh shuwxuehg jdph wkdw frqyhujh wr wkh fdqglgdwh htxloleulxp dv
B $ f1
Wkh phvvdjh wkuhvkrog htxloleuld ghvfulehg deryh duh qrw lppxqh wr vwudwhjlf
xqfhuwdlqw|1 Lq dq| htxloleulxp ri wkh B0jdph forvh wr wkh &0htxloleulxp/ zh zloo
kdyh %&  sB E 0 zkloh +&n  sB E1 Wkxv wkh sod|hu uhfhlylqj &wk phvvdjh
zloo kdyh d vwulfw lqfhqwlyh wr vhqg dq xqdqwlflsdwhg frqupdwlrq lq wkh shuwxuehg
jdph1
Dqrwkhu fodvv ri htxloleuld duh sxqlvkphqw htxloleuld1 Iru vrph &  / rqo|
&   phvvdjhv jhw vhqw dqg hdfk sod|hu lv suhsduhg wr lqyhvw dv orqj dv kh nqrzv
wkdw h{dfwo| & phvvdjhv kdyh ehhq vhqw1: Wklv htxloleulxp lv looxvwudwhg lq jxuh
:/ iru wkh fdvh zkhuh & ' 21
lqvhuw jxuh . durxqg khuh
Dv lq wkh phvvdjh wkuhvkrog htxloleuld/ wkh shuvrq zkr vhqgv wkh &wk phvvdjh
lv suhsduhg wr lqyhvw/ hyhq li kh grhv qrw uhfhlyh d frqupdwlrq/ ehfdxvh xqghu
wkh htxloleulxp vwudwhjlhv kh zdv qrw dqwlflsdwlqj d frqupdwlrq1 Exw wkh shuvrq
zkr uhfhlyhv wkh &wk phvvdjh lv qr orqjhu lqglhuhqw ehwzhhq vhqglqj dq xqdqwlf0
lsdwhg frqupdwlrq ru qrw1 Xqghu wkh sxqlvkphqw htxloleulxp vwudwhj| suroh/




wk phvvdjh= qr sod|hu fkrrvhv wr lqyhvw




wk phvvdjh kdv ehhq vhqw1 Vxfk sxq0
lvkphqw htxloleuld shukdsv gr fdswxuh zk| pdq| frqupdwlrqv duh qrw vhqw lq
sudfwlvh= ryhu vrph wkuhvkrog/ sod|huv zloo ehfrph glvfrxudjhg dqg qrw dqwlflsdwh
lqyhvwphqw1 Krzhyhu/ wkh sxqlvkphqwv duh lqh!flhqw1 Iroorzlqj dq xqdqwlflsdwhg
9Zh ljqruh wkh idfw wkdw sod|hu 5 zloo lqyhvw zlwk srvlwlyh suredelolw| hyhq zkhq vkh uh0
fhlyhv qr phvvdjh +l1h1/ {3 A 3,> wklv vlpsoli|lqj dvvxpswlrq grhv qrw fkdqjh dq| txdolwdwlyh
frqfoxvlrqv1
:Wkxv n @ 4 iru doo n  n dqg n @ 3 iru doo n A n> {n @ 4 dqg {n @ 3 iru doo n 9@ n>
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wk phvvdjh/ wkhuh lv dq h!flhqw htxloleulxp zkhuh doo sod|huv dozd|v lq0
yhvw iurp wkdw srlqw rq1 Exw li sod|huv zhuh h{shfwhg wr ehkdyh lq wkdw zd|/ wkh
ruljlqdo htxloleulxp zrxog euhdn grzq1 Lq zkdw iroorzv/ zh zloo irfxv rq h{ srvw
h!flhqw htxloleuld/ zkhuh/ frqwlqjhqw rq vwudwhjlhv lq wkh phvvdjh vhqglqj skdvh/
htxloleulxp vwudwhjlhv lq wkh lqyhvwphqw jdph pd{lpl}h wkh dprxqw ri lqyhvwphqw
+wkhuh lv vxfk d pd{lpdo lqyhvwphqw htxloleulxp ehfdxvh ri wkh vwudwhjlf frp0
sohphqwdulwlhv lq wkh jdph,1 Wkh sxqlvkphqw htxloleuld duh qrw h{ srvw h!flhqw1
Zkdw htxloleuld duh ohiwB
Wkhuh lv wkh lqqlwh phvvdjhv 0 qr lqyhvwphqw htxloleulxp/ zkhuh sod|huv
dozd|v vhqg phvvdjhv dqg qhyhu lqyhvw1 Wkhuh lv dovr d wdflw htxloleulxp/ zkhuh
sod|hu 4 grhv qrw vhqg klv uvw phvvdjh li klv vwdwh lv jrrg/ exw erwk sod|huv gr
dozd|v vhqg frqupdwlrqv li +rxw ri htxloleulxp, wkh| uhfhlyh phvvdjhv1 Wkhvh duh
hvvhqwldoo| wkh rqo| htxloleuld wkdw duh h{ srvw h!flhqw dqg lppxqh wr vwudwhjlf
xqfhuwdlqw|=
Sursrvlwlrq 6141 Doo h{ srvw h!flhqw shuihfw Ed|hvldq htxloleuld lppxqh wr
vwudwhjlf xqfhuwdlqw| lq wkh vwudwhjlf frppxqlfdwlrq jdph kdyh erwk sod|huv qrw
lqyhvwlqj diwhu hyhu| klvwru|> hyhu| sod|hu vhqgv d frqupdwlrq zlwk suredelolw|
forvh wr 4/ zkhqhyhu wkh| uhfhlyh d phvvdjh1;
Irupdo ghqlwlrqv ri wkh uhqhphqwv dqg d surri ri wkh sursrvlwlrq duh suh0
vhqwhg lq wkh dsshqgl{1
Wkh sursrvlwlrq vd|v wkdw rqfh d phvvdjh kdv ehhq uhfhlyhg/ hdfk sod|hu pxvw
kdyh dq lqfhqwlyh wr vhqg d frqupdwlrq zlwk kljk suredelolw| lq dq| htxloleulxp1
Wklv lpsolhv qr lqyhvwphqw lq htxloleulxp1 Rqh htxloleulxp kdv dq lqqlwh qxp0
ehuv ri frvwohvv phvvdjhv vhqw/ dqg qr lqyhvwphqw/ zkloh dqrwkhu htxloleulxp kdv
wkh uvw sod|hu qhyhu vhqglqj d phvvdjh derxw klv sulydwh vwdwh +vlqfh lw zloo qrw
gr dq| jrrg dq|zd|,1 Vlqfh wkhuh suhvxpdeo| lv d vpdoo frvw ri vhqglqj phvvdjhv/
zh pljkw lpdjlqh wkdw wklv htxloleulxp zrxog eh sod|hg lq d ulfkhu prgho zlwk
vpdoo frvwv1
Wkh uhqhphqwv +h{ srvw h!flhqf| dqg lppxqlw| wr vwudwhjlf xqfhuwdlqw|,
duh dg krf1 Rqh fdq lpdjlqh rwkhu irupdo urxwhv wr uhdfk vlplodu frqfoxvlrqv1
Wkh lpsolfdwlrqv ri wkh h{ srvw h!flhqf| uhtxluhphqw zrxog dovr eh gholyhuhg
e| d iruzdug lqgxfwlrq uhtxluhphqw wkdw qr xqdqwlflsdwhg phvvdjh lv vhqw xqohvv
wkh vhqghu h{shfwv lw wr lqfuhdvh wkh suredelolw| ri wkh rwkhu sod|hu lqyhvwlqj1
;Pruh suhflvho|/ n A
4%+4.f,
+4%,5
iru doo n @ 5> 6> ===> dqg {n @ 3 dqg |n @ 3 iru doo n1 Iru vpdoo
%/ wklv lpsolhv n forvh wr 41
45
Krzhyhu/ wkh prghvw sxusrvh khuh lv wr vxjjhvw wkdw pdnlqj phvvdjh vhqglqj d
vwudwhjlf fkrlfh qhhg qrw uhpryh wkh frruglqdwlrq sureohp iurp wkh h0pdlo jdph
dqg uhdvrqdeoh ylhzv ri udwlrqdo sod| lq wkh jdph duh frqvlvwhqw zlwk wkdw ylhz1
Wkh deryh dqdo|vlv irupdol}hg dq lqwxlwlrq edvhg rq wkh Sduhwr0lpsurylqj
qdwxuh ri xqdqwlflsdwhg frqupdwlrqv1 Rqh fdq dovr lpdjlqh txlwh glhuhqw dujx0
phqwv lq idyru ri wkh ylhz wkdw vwudwhjlf phvvdjh vhqglqj fkrlfhv zloo qrw uhgxfh
phvvdjh vhqglqj1 Li zh orrn dw hlwkhu phvvdjh wkuhvkrog htxloleuld ru sxqlvkphqw
htxloleuld/ wkh prvw suhihuuhg htxloleuld iru sod|hu 5 +iurp dq h{ dqwh shuvshf0
wlyh, duh rqh phvvdjh htxloleuld/ zkhuh sod|hu 4 lqyhvwv zkhqhyhu klv vwdwh lv jrrg
dqg sod|hu 5 lqyhvwv zkhqhyhu kh uhfhlyhv rqh phvvdjh iurp sod|hu 41 Wkh prvw
suhihuuhg htxloleuld iru sod|hu 4 +iurp dq h{ dqwh shuvshfwlyh, duh rqh phvvdjh
htxloleuld/ zkhuh sod|hu 5 lqyhvwv zkhqhyhu kh uhfhlyhv d phvvdjh iurp sod|hu 4
dqg sod|hu 4 lqyhvwv zkhqhyhu kh uhfhlyhv d frqupdwlrq iurp sod|hu 51 Lq wkh
iruphu fdvh/ sod|hu 4 ehduv wkh h{ dqwh ulvn ri plvfr0ruglqdwlrq +zlwk suredelolw|

2
0/ sod|hu 4*v phvvdjh jhwv orvw/ sod|hu 4 lqyhvwv dqg sod|hu 5 grhv qrw,1 Lq wkh
odwwhu fdvh/ sod|hu 5 ehduv wkh ulvn +zlwk suredelolw| 
2
E 0 0/ sod|hu 5*v frqu0
pdwlrq jhwv orvw/ sod|hu 4 lqyhvwv dqg sod|hu 5 grhv qrw,1 Wkxv hdfk sod|hu zrxog
olnh +h{ dqwh, wr eh wkh odvw rqh wr uhfhlyh d frqupdwlrq1 Rqh fdq hdvlo| lpdjlqh
vwrulhv zkhuh wklv ohdg wr dq h{ srvw surolihudwlrq ri phvvdjhv1 Iru h{dpsoh/ li d
sod|hu frxog fuhgleo| pdnh vwdwhphqwv olnh L nqrz |rx zhuh qrw sodqqlqj wr vhqg
d frqupdwlrq> krzhyhu/ li L gr qrw uhfhlyh d frqupdwlrq/ L zloo qrw lqyhvw/ kh
zrxog kdyh dq lqfhqwlyh wr gr vr1
Wkh vwudwhjlf frppxqlfdwlrq yhuvlrq ri wkh h0pdlo jdph kdv d ulfk vhw ri htxl0
oleuld1 Wkh uhvxowv suhvhqwhg lq Elqpruh dqg Vdpxhovrq +5334, dqg lq wklv vhfwlrq
vxjjhvw wkdw rqh frxog rewdlq pdq| glhuhqw frqfoxvlrqv e| vxlwdeoh shuwxuedwlrqv
ri wkh jdph dqg fkrlfhv ri htxloleulxp uhqhphqw1 Ilqh ghwdlov ri wkh vwudwhjlf
frppxqlfdwlrq hqylurqphqw pd| eh lpsruwdqw lq ghwhuplqlqj wkh olnholkrrg ri
fr0ruglqdwhg ehkdylru xvlqj idxow| frppxqlfdwlrq fkdqqhov1
71 Wlplqj
Wkh wlplqj jdph lv lghqwlfdo wr wkh hohfwurqlf pdlo jdph ri wkh vhfwlrq 5/ zlwk rqh
fkdqjh1 Lqvwhdg ri d phvvdjh jhwwlqj orvw zlwk h{rjhqrxv suredelolw| 0/ dvvxph
lqvwhdg wkdw lw pd| wdnh vrph wlph wr duulyh1 Ohw 8 E  eh wkh suredelolw| wkdw
d phvvdjh zloo wdnh ohvv wkdq ru htxdo wr  plqxwhv wr duulyh +dqg zulwh s E iru
wkh ghqvlw| fruuhvsrqglqj wr 8 E,1 Dw wlph f/ sod|hu 4 ohduqv zkhwkhu klv vwdwh
lv jrrg> li lw lv jrrg/ kh vhqgv d phvvdjh wr sod|hu 5> li wkh phvvdjh duulyhv/ vkh
46
vhqgv d frqupdwlrq> dqg vr rq1 Dw wlph A / krzhyhu pdq| phvvdjhv kdyh ehhq
vhqw dqg uhfhlyhg/ wkh sod|huv pxvw pdnh wkhlu lqyhvwphqw ghflvlrqv1
Vxssrvh wkdw d sod|hu uhfhlyhv klv odvw phvvdjh dw wlph |1 Zkdw suredelolw|
grhv kh dvvljq wr klv phvvdjh kdylqj ehhq wkh odvwB Li kh kdv mxvw uhfhlyhg d
phvvdjh dw gdwh |/ wkh suredelolw| wkdw klv phvvdjh qhyhu duulyhv lv
 E|   8 dA  |o >




s E E 8 EA  |   _ 1
Wkh olnholkrrg udwlr ri wkhvh wzr suredelolwlhv lv





s E E 8 EA  |  _
 8 dA  |o 1
Wkxv wkh suredelolw| wkdw klv phvvdjh zdv wkh odvw vhqw/ frqglwlrqdo rq qrw uh0
fhlylqj d frqupdwlrq lv
 E|
 E| n  E|
'

 n u E|
1
Sursrvlwlrq 7141 Li S :   8 EA  dqg S : u E| iru doo | 5 dfc A o/ wkh wlplqj
jdph kdv d xqltxh htxloleulxp= erwk sod|huv qhyhu lqyhvw1
Wklv uhvxow lv wljkw lq wkh iroorzlqj vhqvh1 Li 8 EA   S  u Ef/ wkh wlplqj
jdph kdv dq htxloleulxp zkhuh sod|hu 4 dozd|v lqyhvwv zkhq klv vwdwh lv jrrg dqg
sod|hu 5 lqyhvwv h{dfwo| li vkh uhfhlyhv dw ohdvw rqh phvvdjh1 Li S   8 EA / wkh
wlplqj jdph kdv dq htxloleulxp zkhuh sod|hu 4 dozd|v lqyhvwv zkhq klv vwdwh lv
jrrg dqg sod|hu 5 dozd|v lqyhvwv1
SURRI1 Fohduo|/ sod|hu 4 zloo qrw lqyhvw li klv vwdwh lv edg1 Li sod|hu 5 uhfhlyhv


















wr sod|hu 4*v vwdwh ehlqj jrrg exw sod|hu 4*v uvw phvvdjh
qhyhu duulylqj1 Wkxv khu h{shfwhg sd|r lv dw prvw

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Qrz ohw |W eh wkh hduolhvw gdwh iru zklfk d sod|hu zkr kdv vhqw d phvvdjh dw
gdwh |W +exw qhyhu uhfhlyhg d frqupdwlrq, lv suhsduhg wr lqyhvw zlwk srvlwlyh
suredelolw|1 Kh zloo dvvljq suredelolw| uE|
W
nuE|W
wr klv phvvdjh kdylqj duulyhg +exw
qrw wkh frqupdwlrq,> dqg kh dvvljqv suredelolw| 
nuE|W
wr klv phvvdjh kdylqj
qhyhu duulyhg1 Li klv phvvdjh qhyhu duulyhg/ klv rssrqhqw*v odvw phvvdjh +li dq|,
pxvw kdyh ehhq vhqw ehiruh gdwh |/ vr klv rssrqhqw fdqqrw eh lqyhvwlqj1 Wkxv klv
h{shfwhg sd|r dw prvw
u E|W
 n u E|W
E 
 n u E|W
ES '
u E|W S
 n u E|W
1
Wklv lv qhjdwlyh vlqfh S : u E|W1 
Wr looxvwudwh Sursrvlwlrq 714/ vxssrvh wkh ghqvlw| lv h{srqhqwldo zlwk s E| '
be3b|1 Wkhq
8 E| '  e3b|




be3be3bEA3|3_ ' be3bEA3| EA  |
u E| ' b EA  |
Wkxv li S : bA dqg S : e3bA / wkhq wkhuh lv qr htxloleulxp zkhuh lqyhvwphqw
wdnhv sodfh1 Vlqfh S lv wkh udwlr ri wkh frvw ri lqyhvwphqw wr wkh srwhqwldo ehqhw
iurp lqyhvwphqw dqg bA lv wkh h{shfwhg qxpehu ri phvvdjhv wkdw fdq eh vhqw dqg
gholyhuhg/ wklv lv d udwkhu uhvwulfwlyh frqglwlrq1 Krzhyhu/ frqvlghu d ghqvlw| wkdw
lv d vxp ri h{srqhqwldov= s E| ' 0be3b| n E 0be3b|1 Dv b $ f dqg b $ 4/
wklv jhqhudwhv hvvhqwldoo| wkh h0pdlo lqirupdwlrq v|vwhp +zlwk suredelolw|   0/
wkh phvvdjh duulyhv yhu| txlfno|> zlwk suredelolw| 0/ lw wdnhv d yhu| orqj wlph wr
duulyh,1 Lq wklv fdvh zh kdyh/
8 E| '  0e3b|  E 0 e3b|
 E| ' 0e3bEA3| n E 0 e3bEA3|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Vlqfh u E| lv ghfuhdvlqj/ li u Ef 	 S wkhuh lv qr lqyhvwphqw hyhu1 Iljxuh 4 sorwv
wkh ydoxhv ri u Ef dv b ydulhv/ vhwwlqj A ' / 0 ' 
f
dqg b ' ff1
lqvhuw jxuh  durxqg khuh
81 Orfdoo| Sxeolf Frppxqlfdwlrq
Lq wkh vfhqdulr ri wkh hohfwurqlf pdlo jdph/ wkhuh lv d odfn ri frpprq nqrzo0
hgjh ehfdxvh sod|huv qhyhu jhw wr lqwhudfw vlpxowdqhrxvo|1 Exw whfkqrorj| wkdw
jhqhudwhv vxfk vlpxowdqhrxv 0 dqg wkxv sxeolf 0 lqwhudfwlrqv +h1j1/ whohskrqhv, lv
uhdglo| dydlodeoh/ vr wkdw sduwlfxodu wzr shuvrq vfhqdulr pd| qrw eh ri pxfk sudf0
wlfdo lpsruwdqfh1 Exw lq pdq| frqwh{wv/ wkhuh duh vwudwhjlf frpsohphqwdulwlhv
ehwzhhq wkh dfwlrqv ri d odujh srsxodwlrq/ wkhuh lv xqfhuwdlqw| derxw wkh jdlqv
iurp ru olnholkrrg ri vxffhvv ri d ulvn| dfwlrq/ wkhuh lv pxfk lqirupdwlrq wudqv0
plvvlrq zlwklq dqg ehwzhhq glhuhqw jurxsv lq wkh srsxodwlrq/ exw wkhuh lv qr
lqirupdwlrq wudqvplvvlrq wkdw lv sxeolf wr wkh zkroh srsxodwlrq1 Iru h{dpsoh/
wkhuh pd| eh d orw ri lqirupdwlrq wudqvplvvlrq dprqj d srsxodwlrq rq wkh hgjh
ri uhyrow djdlqvw d uhsuhvvlyh jryhuqphqw/ yld erwk fdvxdo phhwlqjv ri yhu| vpdoo
jurxsv dqg fodqghvwlqh phhwlqjv ri odujhu jurxsv/ exw wkhuh pd| qrw eh lqiru0
pdwlrq fkdqqhov +vxfk dv wkh phgld, wkdw wudqvplw lqirupdwlrq sxeolfo| wr odujh
vxevhwv ri wkh srsxodwlrq1 Ru frqvlghu phgld fryhudjh ri wkh hfrqrp|1 Li doo phgld
fkdqqhov duh vlpxowdqhrxvo| uhsruwlqj wkh vdph jrrg qhzv derxw wkh hfrqrp|/
dqg doo uhsruw wklv idfw/ wkhq wkh jrrg qhzv lq frpprq nqrzohgjh/ dqg zh pd|
doo eh suhsduhg wr wdnh ulvn| dfwlrqv rq wkh xqghuvwdqglqj wkdw rwkhuv duh grlqj
vr1 Rq wkh rwkhu kdqg/ li glhuhqw qhzv jurxsv duh uhsruwlqj glhuhqw wklqjv/
wkhq wkhuh lv pxfk lqirupdwlrq wudqvplvvlrq ri uhohydqw lqirupdwlrq wkdw rffxuv
sxeolfo| zlwklq vxevhwv ri wkh srsxodwlrq1< Lq hdfk ri wkhvh fdvhv/ glhuhqw jurxsv
zlwklq wkh srsxodwlrq hlwkhu sxeolfo| +zlwklq wkh jurxs, uhfhlyh lqirupdwlrq/ ru
pd| phhw dv d jurxs dqg xvh wkh rssruwxqlw| wr frppxqlfdwh lqirupdwlrq/ sxe0
olfo| zlwklq wkh jurxs1 Li rqh vxfk jurxs uhfhlyhv srvlwlyh lqirupdwlrq derxw wkh
jdlqv wr d ulvn| dfwlrq/ dqg duh suhsduhg wr wdnh wkh ulvn| dfwlrq lqghshqghqw ri
zkdw shrsoh rxwvlgh wkh jurxs gr/ wkhq wkh frruglqdwlrq sureohp lv vroyhg1 Exw
zkdw li wkh jurxsv duh wzr vpdoo wr pdnh wkh ulvn| dfwlrq yldeohB Krz dqg zkhq
fdq frpprq nqrzohgjh zlwklq wkh jurxsv eh wudqvodwhg lqwr frruglqdwhg dfwlrqB
<Vhh Fkzh +5333, dqg Pruulv dqg Vklq +5334,/ uhvshfwlyho|/ iru pruh glvfxvvlrq ri wkhvh
dssolfdwlrqv1
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Lq wklv vhfwlrq/ d frqfuhwh vfhqdulr 0 jhqhudol}lqj wkh hohfwurqlf pdlo jdph wr
pdq| sod|huv 0 lv ghvfulehg dqg dqdo|}hg1 D srsxodwlrq ri  sod|huv zloo kdyh wr
ghflgh vlpxowdqhrxvo| zkhwkhu wr lqyhvw ru qrw1 D sod|hu*v sd|r iurp lqyhvwlqj
lv  li d sxeolf vwdwh lv jrrg dqg dw ohdvw ? sod|huv +lqfoxglqj klpvhoi, lqyhvw/
zkhuh  	 ? 	  1 Li wkh vwdwh lv edg/ ru li ohvv wkdq ? sod|huv hqg xs lqyhvwlqj/
wkhq wkh sd|r wr lqyhvwlqj lv S1 Wkh sd|r wr qrw lqyhvwlqj lv dozd|v f1
Li lw ehfdph frpprq nqrzohgjh dprqj d jurxs ri sod|huv zlwk dw ohdvw ?
phpehuv wkdw wkh vwdwh zdv jrrg/ wkhuh zrxog eh dq htxloleulxp zkhuh wkh| jr
dkhdg dqg lqyhvw +lqghshqghqw ri zkdw wkh| h{shfwhg rwkhuv wr gr,1 Wklv zrxog
wulyldoo| rffxu li d jurxs zlwk dw ohdvw ? phpehuv zhuh sxeolfo| lqiruphg ri wkh
vwdwh1 Zh zdqw wr irfxv rq d vfhqdulr zkhuh sod|huv uhfhlyh d orw ri lqirupdwlrq
sxeolfo| zlwklq jurxsv ri vl}h vpdoohu wkdq ?/ erwk derxw wkh sxeolf vwdwh dqg
derxw zkdw rwkhuv nqrz1 Wkh rwkhu nh| ihdwxuh ri wkh vfhqdulr wkdw zloo eh
pdlqwdlqhg iurp wkh hohfwurqlf pdlo jdph lv diwhu d sod|hu uhfhlyhv klv odvw slhfh
ri lqirupdwlrq/ kh lv xqfhuwdlq zkhwkhu ixuwkhu frppxqlfdwlrq wdnhv sodfh1 Zkloh
yhu| vshflf dvvxpswlrqv derxw wkh frppxqlfdwlrq vwuxfwxuh zloo eh dgrswhg wr
nhhs wkh dqdo|vlv wudqvsduhqw/ lw zloo eh fohdu wkdw wkhvh wzr lqjuhglhqwv duh gulylqj
uhvxowv1
Wkh h{ dqwh suredelolw| wkdw wkh vwdwh lv jrrg lv 
2
1 Wkh frppxqlfdwlrq skdvh
surfhhgv dv iroorzv1 Lq hdfk shulrg/ zlwk suredelolw| 0 : f/ frppxqlfdwlrq fhdvhv1
Zlwk suredelolw|  0/ d jurxs ri 6 	 ? sod|huv duh udqgrpo| fkrvhq +zlwk xql0
irup suredelolw|, wr uhfhlyh d frppxqlfdwlrq1 Wkxv wkh suredelolw| wkdq dq| rqh
sod|hu uhfhlyhv dq| jlyhq frppxqlfdwlrq lv dozd|v 6

1 Li d uvw frppxqlfdwlrq
wdnhv sodfh +wklv kdsshqv zlwk h{ dqwh suredelolw| 0,/ wkh sod|huv uhfhlylqj wkdw
frppxqlfdwlrq duh lqiruphg zkhwkhu wkh vwdwh lv jrrg ru edg1 Doo vxevhtxhqw
frppxqlfdwlrqv uhsruw rq wkh vwdwh dqg wkh klvwru| ri doo suhylrxv frppxqlfd0
wlrqv +lqfoxglqj zkr uhfhlyhg wkhp,143 Krzhyhu/ d sod|hu grhv qrw nqrz li dq|
frppxqlfdwlrqv rffxuuhg diwhu wkh odvw rqh wkdw kh uhfhlyhg1
Hyhqwxdoo|/ doo wkh phhwlqjv duh frqfoxghg1 Hdfk sod|hu pxvw wkhq ghflgh
zkhwkhu wr lqyhvw ru qrw/ edvhg rq wkh klvwru| ri phhwlqjv dwwhqghg1
43Li p A Q5 / wklv frppxqlfdwlrq vwuxfwxuh frxog eh jhqhudwhg e| kdylqj d udqgrp qxpehu
ri phhwlqjv frqvlvwlqj ri p udqgrpo| fkrvhq sod|huv1 Wkh vwdwh ehfrphv nqrzq dw wkh uvw
phhwlqj/ dqg dw hdfk vxevhtxhqw phhwlqj/ sduwlflsdqwv uhsruw hyhu|wklqj wkdw wkh| nqrz iurp
suhylrxv phhwlqjv1
4:
Sursrvlwlrq 8141 Li 6 	 ? dqg









wkhq wkh orfdoo| sxeolf frppxqlfdwlrq jdph kdv d xqltxh htxloleulxp= qr sod|hu
hyhu lqyhvwv1
Wklv uhvxow lv wljkw lq wkh iroorzlqj vhqvh1 Li S  / wkhuh lv dq htxloleulxp
zkhuh doo sod|huv lqyhvw dv orqj dv wkh| gr qrw nqrz wkdw wkh vwdwh lv edg1 Li S  
dqg hlwkhu 6  ? ru S  E3036
3E3036

dqg 0 lv vx!flhqwo| vpdoo/ wkhq wkhuh lv dq
htxloleulxp zkhuh doo sod|huv lqyhvw li wkh| nqrz wkdw wkh vwdwh lv jrrg1
Wr lqwhusuhw wklv uhvxow/ uhfdoo wkdw S lv wkh frvw ri lqyhvwlqj dorqh uhodwlyh wr
wkh jdlqv iurp vxffhvvixo frruglqdwhg lqyhvwphqw +qrupdol}hg wr ,1 Dv fdq eh






ri wkh suredelolwlhv d sod|hu dvvljqv wr dqrwkhu frppxqlfdwlrq kdylqj rffxuuhg
dqg kdylqj qrw rffxuuhg/ diwhu wkh odvw rqh wkdw kh uhfhlyhg1 Iru vpdoo 0/ wklv
h{suhvvlrq whqgv wr 36
6
1 Wkxv 0 dv rqh pljkw h{shfw 0 qr lqyhvwphqw rffxuv
zkhq wkh frvw ri lqyhvwphqw lv kljk dqg wkh qxpehu ri sod|huv uhfhlylqj hdfk
frppxqlfdwlrq lv orz1 D vwulnlqj ihdwxuh ri wkh uhvxow lv wkdw dv orqj dv ? : 6
0 l1h1/ qr vlqjoh frppxqlfdwlrq lv hqrxjk wr jhqhudwh frruglqdwlrq 0 wkhq wkh
qxpehu ri sod|huv uhtxluhg wr lqyhvw grhv qrw hhfw zkhwkhu lqyhvwphqw lv srvvleoh
lq htxloleulxp1
SURRI1 Qr sod|hu zloo lqyhvw li kh nqrzv wkdw wkh vwdwh lv edg1 Frqvlghu
d sod|hu zkr kdv qhyhu uhfhlyhg d frppxqlfdwlrq1 Wkh idfw wkdw kh kdv qhyhu
uhfhlyhg d frppxqlfdwlrq frqyh|v qr lqirupdwlrq derxw wkh vwdwh1 Wkxv kh dvvljqv
suredelolw| 
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 	 f1
Qrz frqvlghu d sod|hu zkr nqrzv wkdw wkh vwdwh lv jrrg dqg zkr kdv mxvw uhfhlyhg
d frppxqlfdwlrq1 Zlwk suredelolw| 0/ qr ixuwkhu phhwlqjv zloo wdnh sodfh1 Zlwk
suredelolw| E 0& 36

&
0/ h{dfwo| & pruh frppxqlfdwlrqv zloo wdnh sodfh/ exw
kh zloo qrw eh lq dwwhqgdqfh1 Wkxv wkh suredelolw| wkdw wkhuh lv dw ohdvw rqh pruh









Vr wkh suredelolw| wkdw dq| sod|hu dvvljqv wr wkh odvw frppxqlfdwlrq kh uhfhlyhg













Qrz ohw &W eh wkh vpdoohvw &   vxfk wkdw d sod|hu zkr nqrzv wkdw wkh vwdwh
lv jrrg dqg nqrzv derxw h{dfwo| & frppxqlfdwlrqv lqyhvwv zlwk srvlwlyh sure0
delolw|1 Li klv odvw frppxqlfdwlrq zdv wkh odvw frppxqlfdwlrq/ kh nqrzv wkdw
dw prvw 6 sod|huv zloo fkrrvh wr lqyhvw +vlqfh rqo| 6 sod|huv uhfhlyhg wkdw odvw
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91 Frqfoxvlrq
Zlwk idxow| frppxqlfdwlrq/ ixoo| udwlrqdo sod|huv lq d rqh0r vwudwhjlf lqwhudfwlrq
pd| kdyh juhdw gl!fxow| fr0ruglqdwlqj rq dq h!flhqw rxwfrph/ hyhq li wkh| duh
deoh wr frppxqlfdwh d orw1 Wklv sureohp dulvhv qrw phuho| lq wkh vw|ol}hg h{dpsoh
ri wkh h0pdlo jdph/ exw lq pruh uhdolvwlf hqylurqphqwv zlwk pdq| sod|huv/ uhdo wlph
frppxqlfdwlrq vwuxfwxuhv dqg vwudwhjlf ghflvlrqv derxw zkhwkhu wr frppxqlfdwh1
Ri frxuvh/ shrsoh fduu| rxw frruglqdwhg dfwlrq zlwkrxw wkh ehqhw ri sxeolf
sohqdu| phhwlqjv doo wkh wlph1 Exw wkh| duh prvw olnho| wr eh vxffhvvixo lq gr0
lqj vr li wkh| fdq frpplw h{ dqwh wr uxohv ri frppxqlfdwlrq wkdw jhqhudwh wkh
dssur{lpdwh frpprq nqrzohgjh uhtxluhg iru frruglqdwlrq1 Vrflhwlhv suhvxpdeo|
hyroyh frqyhqwlrqv iru frruglqdwlqj ehkdylru wkdw suhyhqw lqh!flhqwo| pdq| ulvn|
frppxqlfdwlrqv1 Vlploduo|/ duplhv kdyh uxohv derxw zkr vhqgv frqupdwlrqv ri
zkdw frppxqlfdwlrqv1 Wkh dqdo|vlv lq wklv sdshu vxjjhvwv wkdw vxfk frqyhqwlrqv
dqg uxohv pd| qrw eh hqwluho| vhoi0hqiruflqj lq hdfk lqwhudfwlrq/ exw pd| uho| rq
rxwvlgh frqvwudlqwv1
Uhihuhqfhv
^4` Elqpruh/ N1 dqg O1 Vdpxhovrq +5334,1 Frruglqdwhg Dfwlrq lq wkh Hohfwurqlf
Pdlo Jdph/ Jdphv dqg Hfrqrplf Ehkdylru 68/ 90631
4<
^5` Fkzh/ P1 +5333,1 Frppxqlfdwlrq dqg Frruglqdwlrq lq Vrfldo Qhwzrunv/
Uhylhz ri Hfrqrplf Vwxglhv 9:/ 40491
^6` Glplwul/ Q1 +5333d,1 H!flhqf| dqg Htxloleulxp lq Wkh Hohfwurqlf Pdlo Jdph>
Wkh Jhqhudo Fdvh1
^7` Glplwul/ Q1 +5333e,1 Frruglqdwlrq lq dq Hpdlo jdph zlwkrxw cDoprvw Frp0
prq Nqrzohgjh*
^8` Gxoohfn/ X1 +5333,1 Wkh H0Pdlo Jdph Uhylvlwhg1
^9` Prqghuhu/ G1 dqg G1 Vdphw +4<;<,1 Dssur{lpdwlqj Frpprq Nqrzohgjh zlwk
Frpprq Eholhiv/ Jdphv dqg Hfrqrplf Ehkdylru 4/ 4:304<31
^:` Pruulv/ V1 dqg K1 V1 Vklq +5334,1 Wkh FQEF Hhfw= Zhoiduh Hhfwv ri Sxeolf
Lqirupdwlrq1
^;` Uxelqvwhlq/ D1 +4<;<,1 Wkh Hohfwurqlf Pdlo Jdph= Vwudwhjlf Ehkdylru xqghu
Doprvw Frpprq Nqrzohgjh/ Dphulfdq Hfrqrplf Uhylhz :</ 6;806<41
DSSHQGL[
Zh uvw irupdoo| ghqh wkh uhqhphqwv ghvfulehg lq wkh wh{w1
Ghqlwlrq 9141 Shuihfw Ed|hvldq Htxloleulxp EZ&c %&c +&&'c2c lv lppxqh wr
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vdwlvi| wkh htxloleulxp frqglwlrqv +616,
iru hdfk B1
Ghqlwlrq 9151 Shuihfw Ed|hvldq Htxloleulxp EZ&c %&c +&&'c2c lv h{ srvw h!0
flhqw li/ jlyhq EZ&&'c2c / E%&c +&&'c2c lv wkh odujhvw vroxwlrq wr wkh htxloleulxp
frqglwlrqv +614,1
SURRI RI SURSRVLWLRQ 6141 D sod|hu zkr vhqgv wkh &wk phvvdjh exw
uhfhlyhv qr frqupdwlrq eholhyhv wkdw zlwk suredelolw|
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klv phvvdjh qhyhu duulyhg1 Vxssrvh wkdw kh h{shfwv wkdw klv rssrqhqw zloo qrw
lqyhvw li kh glg qrw uhfhlyh wkdw phvvdjh dqg zloo lqyhvw li kh grhv uhfhlyh wkdw
phvvdjh1 Wkhq klv h{shfwhg sd|r lv
E 0 E Z&n n E 0 Z&n0
0n E 0 E Z&n n E 0 Z&n0 E
0
0n E 0 E Z&n n E 0Z&n0 ES
Wklv h{suhvvlrq lv qrq0qhjdwlyh li
E 0 E Z&n n E 0 Z&n0  0S
ru
Z&n   0 E n S
E 02 1
Wkxv li Z& :
30EnS
E302
iru & ' 2c c &/ zh kdyh e| wkh xvxdo lqgxfwlyh dujxphqw
wkdw qr sod|hu lqyhvwv xqohvv kh nqrzv wkdw dw ohdvw & phvvdjhv kdyh ehhq vhqw1
Frqyhuvho|/ li Z&n  30EnSE302 / wkhuh lv dq htxloleulxp zkhuh erwk sod|huv lqyhvw
wkh| nqrz wkdw dw ohdvw & phvvdjhv kdyh ehhq vhqw1 Vr zh kdyh=
Revhuydwlrq= EZ&c %&c +&&'c2c lv dq h{ srvw h!flhqw htxloleulxp li dqg rqo| li
wkhuh h{lvwv & 5 ic 2c c c j^i4j vxfk wkdw Z& : 30EnSE302 iru 2  &  &> li
& 	 4/ Z&n  30EnSE302 > %& ' f iru doo &  & dqg %& '  iru doo & : &>
+& ' f iru doo &  & dqg +& '  iru doo & : &1
Qrz zh fkhfn lppxqlw| wr vwudwhjlf xqfhuwdlqw|1 Il{ dq| h{ srvw htxloleulxp
EZ&c %&c +&&'c2c ri wkh deryh irup zlwk qlwh &1 Frqvlghu wkh udwh ri fkdqjh ri
%B& dqg +
B
& zlwk uhvshfw wr B/ hydoxdwhg dw B ' f1 Vlqfh sB Ef ' f dqg sB E ' /
wklv udwh ri fkdqjh lv htxdo wr }hur iru doo +B& dqg doo %
B
& zlwk & 9' & +vlqfh wkh
olplwlqj htxdwlrqv duh ri wkh irup +& ru %& htxdo wr sf Ef ru s E,1 Exw









	 f1 Wkxv iru vpdoo B/ %B
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zloo eh vwulfwo| ohvv wkdq
erwk %B& dqg +
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& iru doo & : &1 Exw wklv lpsolhv wkdw d vwulfw lqfhqwlyh wr vhqg wkh
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wk phvvdjh/ d frqwudglfwlrq1
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